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Abstract
We study nonlinear sigma model, especially Skyrme model without twist and Skyrme
model with twist: twisted Skyrmion string. Twist term, mkz, is indicated in vortex
solution. Necessary condition for stability of vortex solution has consequence that energy
of vortex is minimum and scale-free (vortex solution is neutrally stable to changes in
scale). We find numerically that the value of vortex minimum energy per unit length
for twisted Skyrmion string is 20.37× 1060 eV/m.
1 Introduction to Nonlinear Sigma Model
Nonlinear sigma model is a n-component scalar field theory where the field defines a mapping
from space-time to a target manifold. A mapping here means a function from space-time to
∗Presented at CTPNP 2014 and submitted to Journal of Physics: Conference Series.
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the target space [1].
By a nonlinear sigma model, we mean a field theory with the following properties [2]:
(1) The fields, φ(x), of the model are subjected to nonlinear constraints for all points
x ∈M0, whereM0 is source (base) manifold, i.e. the spatial submanifold of the (2+1)
or (3+1)-dimensional space-time manifold.
(2) The constraints and the Lagrangian density are invariant under the action of a global
(space independent) symmetry group, G, on φ(x).
The Lagrangian density of a free (without potential) nonlinear sigma model on a Minkowski
background space-time is defined as [3]
L = 1
2λ2
gab(φ) ηµν ∂µφa ∂νφb (1)
where gab(φ) is field metric, ηµν is the Minkowski metric tensor, λ is a scaling constant with
dimensions of (length/energy)1/2 and here φ is field. The nonlinearity is manifest in the field
metric, gab(φ).
A special case of the nonlinear sigma model occurs when the target manifold is the unit
sphere S2 in R3, i.e. gab(φ) = δab. In case of a = b then δab = 1, where δab is Kronecker delta.
The Lagrangian density (1) then becomes
L = 1
2λ2
ηµν ∂µφ . ∂νφ (2)
where the dot (.) denotes the standard inner product on R3, and the image of φ is S2. Simple
representation of φ (in case of time-dependent) is
φ =
sin f(t, x) sin g(t, x)sin f(t, x) cos g(t, x)
cos f(t, x)
 (3)
where f and g are scalar functions on the background space-time, with Minkowski coordinates
xµ = (t, x).
Substitute (3) into (2), then Lagrange density (2) becomes
L = 1
2λ2
(ηµν ∂µf ∂νf + [sin
2 f ] ηµν ∂µg ∂νg) (4)
Associated Euler-Lagrange equations from L (4) are
ηµν ∂µ∂νf − (sin f cos f) ηµν ∂µg ∂νg = 0 (5)
ηµν ∂µ∂νg + 2(cot f) η
µν ∂µf ∂νg = 0 (6)
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2 O(N) Nonlinear Sigma Model
The simplest example of nonlinear sigma models is the O(N) nonlinear sigma model which
consist of N -real scalar fields, φA, A = 1, .., N , having the Lagrangian density [2]
L = 1
2
gµν
∂φA
∂xµ
∂φA
∂xν
(7)
where the scalar fields, φA, satisfy the constraint
φAφA = 1. (8)
The Lagrangian density (7) is obviously invariant under the global (space independent) or-
thogonal transformations O(N), i.e. the group of N -dimensional rotations [2]
φA → φ′A = OAB φB. (9)
One of the most interesting examples ofO(N) nonlinear sigma models due to its topological
properties, is the O(3) nonlinear sigma models in 1+1 dimensions, with the Lagrangian density
[5]
L = 1
2
∂µφ · ∂µφ (10)
where φ = (φ1, φ2, φ3), due to N = 3, with the constraint φ · φ = 1 and µ = 1, 2.
3 Soliton Solution
Two solutions to these equations (5), (6), are
(i) A monopole solution, which has
φ = rˆ =
x/ρy/ρ
z/ρ
 (11)
where ρ = (x2 + y2 + z2)1/2 is the spherical radius.
(ii) A vortex solution, which is found by imposing the ”hedgehog” ansatz
φ =
sin f(r) sin(nθ − χ)sin f(r) cos(nθ − χ)
cos f(r)
 (12)
where θ = arctan(x/y), n is a positive integer, and χ is a constant phase factor.
A vortex is a stable time-independent solution to a set of classical field equations that has
finite energy in two spatial dimensions; it is a two dimensional soliton. In three spatial
dimensions, a vortex becomes a string, a classical solution with finite energy per unit length
3
[6]. Solutions of finite energy, satisfying the appropriate boundary conditions, are candidate
soliton solutions [7].
Recall that there is in fact a family of vortex solutions
sin f =
2K1/2rn
1 +Kr2n
(13)
or
cos f =
Kr2n − 1
Kr2n + 1
(14)
For each value of K where K is positive constant, there is a different vortex solution.
But, the mass per unit length
µ = −4pin
λ2
(15)
does not depend on K. (We use the same notation for energy per unit length and mass per
unit length, due to equivalence of energy-mass as E = mc2. Here, we take c = 1).
This means that the vortex solutions are what is called neutrally stable to changes in
scale. As K change, the scale of the vortex changes, but the mass per unit length, µ, does
not. Note that because of eq.(15), there is a preferred winding number, when n is a small
as possible: n = 1. It means that for the vortex solution, the topological charge is just the
winding number, n.
It can be shown that the topological charge is conserved, no matter what solution φ we
have. So, topological charge is a constant, no matter what nonlinear sigma model we use. So
long as
φ =
sin f sin gsin f cos g
cos f
 . (16)
Let us find f by solving the two equations of motion (5), (6). The function f satisfies the
equation
r
d2f
dr2
+
df
dr
− n
2
r
sin f cos f = 0 (17)
and that the solution satisfying the boundary conditions
f(0) = pi (18)
and
lim
r→∞
f(r) = 0 (19)
is
cos f =
Kr2n − 1
Kr2n + 1
(20)
This is the vortex solution.
The energy density of a static (time-independent) field with Lagrangian density L (4) is
E = −L
= − 1
2λ2
[
ηµν ∂µf ∂νf + (sin
2 f) ηµν ∂µg ∂νg
]
. (21)
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The energy density of the monopole solution is
E =
1
λ2ρ2
(22)
and that the energy density of the vortex solutions is
E =
4Kn2
λ2
r2n−2
(Kr2n + 1)2
. (23)
Then the total energy
E =
∫ ∫ ∫
E dx dy dz, (24)
of the monopole solution is infinite. But, that the energy per unit length of the vortex
solutions
µ =
∫ ∫
E dx dy =
4pin
λ2
(25)
is finite, and does not depend on the value of K.
This last fact means that the vortex solutions in the nonlinear sigma models have no
preferred scale. A small value of K corresponds to a more extended vortex solution, and a
larger value of K corresponds to a more compact vortex solution, as we can see by plotting f
(or E) for different values of K and a fixed value of n (say, n = 1).
But, the value of the energy per unit length, µ, is the same for all these solutions, and so
there is no natural size for the vortex solutions. It is for this reason that a Skyrme term is
added to the Lagrangian density [4].
4 Skyrmion without Twist: Skyrme Model
We need to add Skyrme term to the Lagrangian to stabilize the vortex (which is neutrally
stable to cylindrically symmetric perturbations). Original sigma model Lagrangian (in unit
sphere) is
L1 = 1
2λ2
ηµν ∂µφ . ∂νφ (26)
Adding a Skyrme term to eq.(26), then eq.(26) becomes
L2 = 1
2λ2
ηµν ∂µφ . ∂νφ−Ks ηκλ ηµν(∂κφ× ∂µφ) . (∂λφ× ∂νφ)︸ ︷︷ ︸
Skyrme term
(27)
Eq.(27) can be written in other expression by substituting (16) into (27). We get
L2 = 1
2λ2
(
ηµν ∂µf ∂νf + sin
2 f ηµν ∂µg ∂νg
)
− Ks
[
2 sin2 f (ηµν ∂µf ∂νf)
(
ηκλ ∂κg ∂λg
)− 2 sin2 f (ηµν ∂µf ∂νg)2] (28)
The Skyrme term becomes the second term on the right hand side of eq.(28). At this point,
we need to write out Euler-Lagrange equations from L2 (28), i.e.
∂α
(
∂L2
∂(∂αf)
)
− ∂L2
∂f
= 0 ; ∂α
(
∂L2
∂(∂αg)
)
− ∂L2
∂g
= 0 (29)
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Energy can be derived from L2 (28), as
E =
∫ ∫ {
1
2λ2
[(
df
dr
)2
+
n2
r2
sin2 f
]
− 2Ks n
2
r2
sin2 f
(
df
dr
)2}
r dr dθ (30)
Let us define new variable
r ≡ qr (31)
where q is a constant. Then
df
dr
=
∂f
∂r
q (32)
where ∂r = q ∂r. So, the energy (30) can be rewritten using new variables as
E =
∫ ∫ {
1
2λ2
[(
∂f
∂r
)2
+
n2
r2
sin2 f
]
− 2q2 Ks n
2
r2
sin2 f
(
∂f
∂r
)2}
r dr dθ (33)
From (33), if we let q → ∞ then the energy per unit length goes to −∞. So, it is
energetically favourable for the vortex to evolve , so that q increases. Then,
f(r) = f
(
r
q
)
(34)
and as q → ∞ for fixed r, r → ∞ and the field evaporates to infinity. To fix this problem,
we add a potential term, Kv(1− n.φˆ), to Lagrangian density L2. So, we have
L3 = L2 +Kv(1− n.φˆ) (35)
where n is a direction of φˆ at r =∞ (where, f = 0).
This L3 model is like Baby Skyrmion model [11] p.207, eq.(2.2). The kinetic term along
with the Skyrme term are not sufficient to stabilize a baby Skyrmion, contrary to the usual
Skyrme model. The kinetic term in 2+1 dimensions enjoys (suffers from) conformal invariance
and the baby Skyrmion can always reduce its energy by inflating (infinitely). Hence, one adds
the mass term which limits the size of the baby Skyrmion. The usual Skyrme term of course
prohibits the collapse of the soliton [12].
5 Skyrmion with Twist: Twisted Skyrmion String
Back to Skyrme model (28) and refer to eq.(16). Instead of choosing
g = nθ − χ (36)
we choose
g = nθ +mkz (37)
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where mkz is twist term. Then eq.(28) becomes
L2 = 1
2λ2
[(
df
dr
)2
+ sin2 f
(
n2
r2
+m2k2
)]
− 2Ks sin2 f
(
df
dr
)2(
n2
r2
+m2k2
)
(38)
Twist is identified as direction of particle which rotates circularly around string (string can
be imagined e.g. as a rod in z axis). The direction of twist can be clock-wise or counter clock-
wise. There is a different value of ”pressure” in clock-wise and counter clock-wise directions.
Pressure is related with energy, it means that pressure is also related with mass, due to
energy-mass relation [4].
Euler-Lagrange equation from L2 (28) with twist term (32), twisted Skyrmion string, is
0 =
1
λ2
[
d2f
dr2
+
1
r
df
dr
−
(
n2
r2
+m2k2
)
sin f cos f
]
− 4
(
n2
r2
+m2k2
)
Ks sin
2 f
(
d2f
dr2
− 1
r
df
dr
)
− 4
(
n2
r2
+m2k2
)
Ks sin f cos f
(
df
dr
)2
(39)
6 Twisted Skyrmion String: Numerical Calculation and
Result
Refer to eq.(39), let us rewrite Euler-Lagrange equation from L2, eq.(28), i.e. twisted Skyrmion
string as
d2f
dr2
= − (ε+ ζ r
2) sin f cos f
r2 + (ε+ ζ r2) sin2 f
(
df
dr
)2
− 1
r
(
r2 − (ε+ ζ r2) sin2 f
r2 + (ε+ ζ r2) sin2 f
)
df
dr
+
n2(1 + ζ
ε
r2) sin f cos f
r2 + (ε+ ζ r2) sin2 f
(40)
Eq.(40) can be solved numerically for different values of ε and ζ, starting with f(0) = pi,
f ′(0) = −a for different values of a. We need the numerical solution of (40) for calculating
minimum energy of vortex.
Let us use Runge-Kutta fourth order method for solving (40). First, assume that
df
dr
= v (41)
d2f
dr2
=
dv
dr
(42)
Then
dv
dr
= g(r, f, v)
= −(ε+ ζ r
2) sin f cos f
r2 + (ε+ ζr2) sin2 f
v2 − 1
r
(
r2 − (ε+ ζ r2) sin2 f
r2 + (ε+ ζ r2) sin2 f
)
v
+
n2(1 + ζ
ε
r2) sin f cos f
r2 + (ε+ ζ r2) sin2 f
(43)
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Let us write down (41), (42) in iterative expression as
vi+1 = vi +
dr
6
(k1 + 2k2 + 2k3 + k4) (44)
and
fi+1 = fi +
dr
6
(l1 + 2l2 + 2l3 + l4) (45)
with
l1 = v, k1 = g(r, f, v) (46)
l2 = v +
dr
2
k1, k2 = g(r +
dr
2
, f +
dr
2
l1, v +
dr
2
k1) (47)
l3 = v +
dr
2
k2, k3 = g(r +
dr
2
, f +
dr
2
l2, v +
dr
2
k2) (48)
l4 = v + dr k3, k4 = g(r + dr, f + dr l3, v + dr k3) (49)
Eq.(44) is numerical solution of df/dr.
We obtain energy per unit length, µ, which can be derived from Lagrangian, L2, in eq.(28).
Replace r with r = qr (q is scale factor, a number) then energy per unit length can be written
as
µ = 2pi
∫ ∞
0
[(df
dr¯
)2
+ n2
( 1
r¯2
+
ζ
ε q2
)
sin2 f +
(df
dr¯
)2(
ζ +
ε q2
r¯2
)
sin2 f
]
r¯ dr¯ (50)
Eq.(50) can be written as
µ = 2pi
∫ ∞
0
[(
r¯ + ζ r¯ sin2 f +
ε q2
r¯
sin2 f
)(df
dr¯
)2
+ n2
(1
r¯
+
ζ r¯
ε q2
)
sin2 f
]
dr¯ (51)
From eq.(51) we are able to define
η ≡
(
r¯ + ζ r¯ sin2 f +
ε q2
r¯
sin2 f
)(df
dr¯
)2
+ n2
(1
r¯
+
ζ r¯
ε q2
)
sin2 f (52)
So, eq.(52) can be rewritten as
µ = 2pi
∫ ∞
0
η dr¯ (53)
From chain rule, we have the relation that
∂µ
∂q
=
∂µ
∂r¯
∂r¯
∂q
−→ ∂η
∂q
=
∂η
∂r¯
∂r¯
∂q
(54)
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Refer to (53) and (54), we can derive relation as below
∂µ
∂q
= 2pi
∂
∂q
∫ ∞
0
η dr = 2pi
∫ ∞
0
∂η
∂q
dr¯ = 2pi
∫ ∞
0
∂η
∂r¯
∂r¯
∂q
dr¯ = 2pi
∫ ∞
0
∂η
∂r¯
r dr¯
=
2pi
q
∫ ∞
0
∂η
∂r¯
r¯ dr¯ (55)
(Integration and differentiation operations are interchangeable, if the function is continuous.)
In order to evaluate the right hand side of eq.(55), we use identity relation
∂
∂r¯
(
η r¯
)
=
∂η
∂r¯
r¯ + η −→ ∂η
∂r¯
r¯ =
∂
∂r¯
(
η r¯
)− η (56)
Then, we obtain
∂µ
∂q
=
2pi
q
∫ ∞
0
dη
dr
r dr =
2pi
q
∫ ∞
0
[
∂
∂r
(η r)− η
]
dr =
2pi
q
η r|∞0 −
2pi
q
∫ ∞
0
η dr (57)
Substitute (52), (53) into eq.(57), we obtain
∂µ
∂q
=
2pi
q
[(
r2 + ζ r2 sin2 f + ε q2 sin2 f
)(df
dr¯
)2
+ n2
(
1 +
ζ r¯2
ε q2
)
sin2 f
]∞
0
− 1
q
µ (58)
Necessary condition for stability of vortex solution requires
∂µ
∂q
∣∣∣∣
q=1
= 0 (59)
From (58), (59), we obtain
0 =
2pi
q
[(
r2 + ζ r2 sin2 f + ε q2 sin2 f
)(df
dr
)2
+ n2
(
1 +
ζ r2
ε q2
)
sin2 f
]∞
0
− 1
q
µ (60)
For q = 1, it has consequence that r → r and µ→ µmin. We obtain
µmin = 2pi
[(
r2 + ζ r2 sin2 f + ε sin2 f
)(df
dr
)2
+ n2
(
1 +
ζ r2
ε
)
sin2 f
]∞
0
(61)
where µmin is minimum energy per unit length which fulfill the stability requirements. Relation
between ζ parameter and minimum energy per unit length, µ, is shown as Figure 1 below:
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Figure 1
Result for numerical solution of (61): ζ versus µ, with parameters
a = 0.14, dr = 0.05, ε = 0.05, n = 1, r∞ = 600.
Here, we define J as a point of ζ where µ is minimum. We find that the value of J which is
indicated by Matlab equal to 1.2400e-008. It means that the value of J is equal to 1.24×10−8.
We show both values, J and µmin, in original form as shown by Mathlab in Figure 2 below.
J µmin
1.2400e-008 0.0268
Figure 2
J and µmin relation
7 Discussion
Lagrangian density L1 (26) is the Lagrangian of the nonlinear sigma model. The vortex
solutions are scale-free: the energy per unit length, µ, is independent of the width of the
vortex. (We say that they the solutions are neutrally stable.)
Lagrangian density L2 (27), (28) are the Lagrangians with the Skyrme term added. The
minimum energy per unit length occurs when the width of the untwisted vortex solution is
infinite. So the vortex is unstable: it is energetically favourable for it to evaporate to infinity.
Lagrangian density L3 (35) is the Lagrangian with a stabilising potential added. The
minimum energy per unit length occurs at a finite value of the width of the untwisted vortex
solution. So, the untwisted vortex with this particular width is stable.
If instead of L3 we consider L2 and a twisted vortex solution (38), then for a weak field,
the equation of motion of the twisted L2 vortex is the same as the equation of motion of the
untwisted L3 vortex. We expect the twisted L2 vortex solutions to also be stable at a finite
value of the width.
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Necessary condition for stability of vortex solution has consequence that energy per unit
length of vortex is minimum and scale-free. It means that vortex solutions are what is called
neutrally stable to changes in scale. As scale factor change, the scale of the vortex changes,
but the energy per unit length, does not.
Let us discuss about unit of energy in more detail. The mass per unit length, µ, of any
cylindrically symmetric distribution of matter is usually quoted as a dimensionless quantity,
meaning G µ/c2 where G is Newton’s gravitational constant and c is the speed of light. (In
relativity it is conventional to use ”geometrized” units, in which c = G = 1, so the mass
per length, µ, the energy per unit length, µc2, and the dimensionless quantity, Gµ/c2, are
numerically the same.) So, µc2 (now the physical energy per unit length) is normally quoted
in units of c4/G i.e. c4/G = 1.2× 1044 kg m/s2 = 1.2× 1044 J/m = 7.6× 1062 eV/m.
We find graphically the value of ζ parameter and energy per unit length, µ, as shown in
Figure 1. Figure 2 shows numerically that the value of minimum energy per unit length is
0.0268. It means that vortex minimum energy per unit length is 0.0268× 7.6× 1062 eV/m =
20.37× 1060 eV/m.
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